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Abstract
We discuss modifications in the integral representation of the Riemann zeta-function
that lead to generalizations of the Riemann functional equation that preserves the sym-
metry s → (1 − s) in the critical strip. By modifying one integral representation of the
zeta-function with a cut-off that does exhibit the symmetry x 7→ 1/x, we obtain a gener-
alized functional equation involving Bessel functions of second kind. Next, with another
cut-off that does exhibit the same symmetry, we obtain a generalization for the functional
equation involving only one Bessel function of second kind. Some connection between one
regularized zeta-function and the Laplace transform of the heat kernel for the Euclidean
and hyperbolic space is discussed.
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1 Introduction
The Riemann approach with a zeta-function uses complex variable tools to discuss the distri-
bution of primes [1]. Riemann obtained two results: the analytic extension of the zeta-function
and that this zeta-function satisfies a functional equation. He presented two proofs for this
functional equation. The first one using the theta function and its Melin transform and the
second one using countour integration. Riemann also made a still unproved conjecture that
the non-trivial complex zeros of the zeta-function must all lie on the critical line ℜ (s) = 1
2
[2, 3, 4]. On way to discuss the Riemann conjecture is to study different functions in number
theory, where it is possible to establish an analog of the Riemann hypothesis. This is known in
the literature as the generalized Riemann hypothesis. In this scenario there are several ways to
proceed, a possible one is to investigate Dirichlet L-functions [5]. These functions have analytic
continuation to the whole complex plane and also satisfy functional equations. A quite distinct
approach is to approximate the Riemann zeta-function by some simpler function and investi-
gate the dynamics of the zeros of these functions when some parameter changes [6]. There is
also an approach discussing approximate representation of the Riemann zeta-function in terms
of finite sums [7]. This approach leads to an approximate functional equation that possesses an
interesting symmetry in the critical line. This symmetry allows one to investigate the distri-
bution of the non-trivial zeros. With this case in hand, the distribution of the zeros of partial
sums of the Riemann zeta-function has been investigated. See, e.g., references [9, 10].
The aim of this paper is twofold. First, is to discuss modified zeta-functions and prove that
the these zeta-functions satisfy generalized Riemann functional equations. Second, we discuss
the connection between one modified zeta-function and the Laplace transform of the heat
kernel for the Euclidean space Rd and a d-dimensional hyperbolic space Hd. In order to obtain
the analytic extension of the zeta-function, Riemann discussed a special case of the Jacobi
theta-function, a function with modular symmetry that satisfies a functional equation. As it
has been stressed in the literature, all reasonable generalizations of the Riemann zeta-function
must be related to a modular form [11]. Here, we discuss the consequences of introducing, in the
integral representation of the zeta-function, cut-offs that are invariant under the transformation
x 7→ 1/x. We prove that these modified zeta-functions lead to generalizations for the Riemann
functional equation with the same symmetry s→ (1− s) in the critical strip. Next, we modify
one integral representation of the zeta-function to obtain functional equations where modified
Bessel functions of second kind appear. We also discuss modified zeta-function with a cut-off
defined by two parameters. We show a connection between Laplace transform of the heat
kernel for the Euclidean space Rd and Hd and this modified zeta-function. The importance
of the transformation x 7→ 1/x to investigate connections between number theory and physics
was pointed out in reference [12]. In references [13, 14], the Riemann hypothesis for certain
integrals of Eisenstein series was discussed.
2
Before concluding, we would like to point out some connections between number theory and
quantum field theory, known as arithmetic quantum theory [15, 16, 17, 18, 19], that have been
discussed in the literature. A classical example of such system is a bosonic Riemann gas, a
second quantized mechanical system at temperature β−1 with partition function given by the
Riemann zeta-function. Recently, it was discussed connections between the non-trivial zeros of
the Riemann zeta-function and the behavior of the thermodynamic free energy of a disordered
system using the arithmetic bosonic gas with quenched disorder [20]. Introducing randomness
in the bosonic Riemann gas and studying the thermodynamic variables of this arithmetic gas
in the complex β-plane, the connection between the zeros of the Riemann zeta-function and
physics was established. For other papers discussing formal aspects of quantum field theory
and number theory see the references [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].
The organization of the paper is the following. In section 2, we briefly discuss some proper-
ties of the Riemann zeta-function. In section 3 we discuss modified zeta-functions. In section 4
we present a modified zeta-function with a cut-off that does exhibit the symmetry x 7→ 1/x. We
obtain a generalization for the Riemann functional equation with the same symmetry s→ (1−s)
in the critical strip, involving two Bessel functions of second kind. In section 5, we obtain a
generalization for the functional equation involving only one modified Bessel function of second
kind. In section 6 the similarities between one of the modified zeta-function and the mathe-
matics of diffusion processes are discussed. In section 7 some connection between a regularized
zeta-function and the Laplace transform of the heat kernel for Euclidean and hyperbolic space
are discussed. Conclusions are given in section 8.
2 The Riemann zeta-function
The Riemann zeta-function ζ(s) is a function of the complex variable s = σ+it, where σ, t ∈ R.
It is defined in the half-plane ℜ (s) > 1 by the Euler product, where the product is taken over
all prime numbers p ∈ P, or by the set of natural numbers n ∈ N, by a Dirichlet series. We
have
ζ(s) =
∏
p
(
1− p−s
)−1
=
∞∑
n=1
1
ns
. (1)
The series defined above is absolutely convergent and therefore the sum is analytic in the half-
plane ℜ (s) > 1, and can be extended to the complex plane as a meromorphic function with a
simple pole at s = 1. Here we will briefly discuss one way to perform the analytic extension of
the Riemann zeta-function. Starting from the definition of the gamma function and defining
the function ψ(x) as
ψ(x) =
∞∑
n=1
e−n
2 pi x, (2)
3
we can write
pi−
s
2 Γ
(
s
2
)
ζ(s) =
∫ ∞
0
dxψ(x) x
s
2
−1. (3)
Following Riemann, we split the integral representation defined in equation (3) into two inte-
grals. We get
pi−
s
2 Γ
(
s
2
)
ζ(s) =
∫ 1
0
dxψ(x) x
1
2
(s−2) +
∫ ∞
1
dxψ(x) x
1
2
(s−2). (4)
In order to proceed, one can use the Poisson summation formula. This is an important point,
since one way to obtain the analytic extension of the Riemann zeta-function from ℜ (s) > 1 to
the whole complex plane, is using the properties of the function Θ : (0,∞) → (0,∞) defined
by the formula
Θ(v) =
∑
n∈Z
e−pi n
2 v. (5)
This Θ(v) is a particular case of the Jacobi theta-function i.e., θ(t) = ϑ3(0, e
−pit) where the
Jacobi theta-function is defined as
ϑ3(z, q) =
∑
n∈Z
e2piinzqn
2
= 1 +
∞∑
n=1
qn
2
cos 2pinz. (6)
Using Poisson summation formula one can show that the function Θ(v) satisfies the functional
equation Θ( 1
v
) =
√
vΘ(v). A consequence for this identity is the functional equation for the
Riemann zeta-function. Since this function is related to the function ψ(x) defined in equation
(2) by ψ(v) = 1
2
(Θ(v)− 1), using the identity ψ(x) = −1
2
+ 1√
x
(ψ( 1
x
) + 1
2
) one obtain
pi−
s
2 Γ
(
s
2
)
ζ(s) =
1
s(s− 1) +
∫ ∞
1
dxψ(x)
(
x
1
2
(s−2) + x−
1
2
(s+1)
)
. (7)
The integral that appears in equation (7) is convergent for all values of s and therefore equation
(7) gives the analytic continuation of the Riemann zeta-function to the whole complex s-plane.
The only singularity is the pole at s = 1. It is possible to show that Riemann zeta-function
ζ(s) satisfies the functional equation
pi−
s
2Γ
(
s
2
)
ζ(s) = pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s), (8)
valid for s ∈ C \ {0, 1}. This is a quite important equation, since it connects two functions
outside the original domain of convergence. Other equivalent way to write the functional
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equation using the properties of the gamma function is to define
ϑ(s) =
(2pi)s
2Γ(s) cos(pi s
2
)
. (9)
Therefore we have ζ(s) = ϑ(s)ζ(1− s). Defining the entire function ξ(s) as
ξ(s) = s(s− 1)pi− s2Γ
(
s
2
)
ζ(s), (10)
the functional equation becomes ξ(s) = ξ(1− s). In the next section we discuss modifications
in the integral representation of the Riemann zeta-function introducing functions that exhibit
the symmetry x 7→ 1/x. This procedure lead us to generalizations for the Riemann functional
equation with the same symmetry s→ (1− s) in the critical strip.
3 Modified zeta-functions
As we mention, one way to make progress in the Riemann problem is to consider families
of Dirichlet L-functions. There is a quite important function concerning the study of prime
numbers in arithmetic progressions with difference m. Let m a natural number and let χ(m)
be a Dirichlet character modulo m. The function L(s, χ) for s = σ + it, σ > 1 is defined as
L(s, χ) =
∞∑
n=1
χ(m)
ns
. (11)
This function is holomorphic for ℜ (s) > 1. For σ > 1 there is an Euler product identity
L(s, χ) =
∏
p
(
1− χ(p)p−s)−1, (12)
that can be proved using a multiplicativity of the χ function. In the following, we would like
to discuss different kinds of modified zeta-functions. One well known modification in the series
representation of the zeta-function is the introduction of a sharp cut-off.
One should start from a classical result [7]. Using an approximate representation of the
zeta-function in terms of finite sums, it was proved that
ζ(s) =
∑
n≤ x
1
ns
+ ϑ(s)
∑
n≤ y
1
n1−s
+O(x−σ) +O(t
1
2
−σ yσ−1), (13)
for 0 ≤ σ < 1 and x, y, t > C > 0 and xy = t
2pi
. This is known as an approximate functional
equation. This function ϑ(s) presented in equation (9) can be used to define the Hardy function,
to investigate the distribution of non-trivial zeros in the critical line [8]. This function is defined
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as Z(t) = ζ(1
2
+ it)
(
ϑ(1
2
+ it)
)− 1
2 . Using that (ϑ(1
2
+ it))∗ = ϑ(1
2
− it) = ϑ−1(1
2
+ it), so that
Z(t) ∈ R when t ∈ R, we get that Z(t) = Z(−t) and |Z(t)| = |ζ(1
2
+ it)|. Therefore the
non-trivial zeros of the Riemann zeta-function in the critical line ℜ (s) = 1
2
correspond to real
zeros of Z(t). For instance, there are other ways to construct modified zeta-functions, as for
example, introducing a sharp cut-off in the Euler product. See, for example, reference [32].
In a quite different scenario, in order to discuss analytic regularization procedures to obtain
the renormalized vacuum energy of quantum fields in ultrastatic spacetimes with boundary, it
was introduced mixed cut-offs in the vacuum energy [33, 34]. Inspired by this idea, here we
first modify the Riemann zeta-function introducing a smooth cut-off. Therefore, let us start
defining a regularized zeta-function F (s, λ) as
F (s, λ) =
∞∑
n=1
1
ns
e−λpin
2
, (14)
where s = σ + it; σ, t and λ ∈ R, λ > 0. Notice that F (s, λ) satisfies the following partial
differential equation
∂
∂λ
F (s, λ) = −piF (s− 2, λ). (15)
Discussing possible generalizations to the Riemann zeta-function, Hilbert investigated a similar
functional equation [35] . Following the same steps that have been discussed to derive the
analytic extension of the Riemann zeta-function, we obtain the following equation for this
modified zeta-function
pi−
s
2Γ
(
s
2
)
F (s, λ) = A(s, λ) +B(s, λ) + C(s, λ) +D(s, λ), (16)
where
A(s, λ) =
∫ ∞
1+λ
dy (y − λ) 12 (s−2)ψ(y) (17)
B(s, λ) =
∫ 1+λ
λ
dy (y − λ) 12 (s−2) 1√
y
ψ
(
1
y
)
(18)
C(s, λ) = −1
2
∫ 1+λ
λ
dy (y − λ) 12 (s−2) (19)
and finally
D(s, λ) =
1
2
∫ 1+λ
λ
dy (y − λ) 12 (s−2) 1√
y
. (20)
Instead of discussing regularized zeta-functions with sharp or smooth cut-offs, we propose a
modification in the integral representation of the zeta-function, in order to answer the fol-
lowing questions. What modifications are possible in order to obtain a generalized Riemann
functional equation in the critical strip? Also, with one regularized zeta-function that satisfies
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a generalized functional equation, can one show connections between diffusion processes and
this regularized zeta-function?
From the foregoing discussion, in the analytic extension of the Riemann zeta-function ζ(s)
from ℜ (s) > 1 to the whole complex plane, a particular case of the Jacobi theta-function,
the Θ(v) appears. The main idea of this work is to discuss modifications in one integral
representation of the zeta-function introducing functions that exhibit the symmetry x 7→ 1/x.
We start defining a modified zeta-function ζh(s, λ), for λ ∈ R and λ > 0, constructed with an
arbitrary continuous function h(x;λ) such that h( 1
x
;λ) = h(x;λ), and limλ→ 0 h(x;λ) = 1. We
have
pi−
s
2 Γ
(
s
2
)
ζh(s, λ) =
∫ ∞
0
dxψ(x) h(x;λ) x
s
2
−1 (21)
Following Riemann’s procedure, we have
pi−
s
2 Γ
(
s
2
)
ζh(s, λ) =
1
2
∫ ∞
1
dx h(x;λ) x−
1
2
(s+1) − 1
2
∫ 1
0
dx h(x;λ) x
1
2
(s−2)
+
∫ ∞
1
dxψ(x) h(x;λ)
(
x
1
2
(s−2) + x−
1
2
(s+1)
)
. (22)
We can use the same idea to calculate pi−
(1−s)
2 Γ
(
1−s
2
)
ζh(1− s, λ). Subtracting both expres-
sions we have
pi−
(1−s)
2 Γ
(
1− s
2
)
ζh(1− s, λ) + 1
2
∫ ∞
0
dx h(x;λ) x−
1
2
(s+1) =
pi−
s
2 Γ
(
s
2
)
ζh(s, λ) +
1
2
∫ ∞
0
dx h(x;λ) x
1
2
(s−2). (23)
The above equation is a generalization for the well known functional equation satisfied by the
Riemann zeta-function and possesses the same symmetry s → (1 − s) which is present in the
Riemann functional equation inside the critical strip. For example we can adopt the functional
form h(x;λ) = e−λ
(
f(x)+f( 1
x
)
)
, for a continuous function f(x). In the next section, using a
particular form of the function f(x), a functional equation involving modified Bessel function
of second kind is obtained.
4 A exponential cut-off with the symmetry x 7→ 1/x
Following the symmetry of this theta-function, let us define a regularized zeta-function, i.e.,
a zeta-function with a cut-off ζ(s, λ), for λ ∈ R and λ > 0. For λ = 0, ℜ (s) = σ > 1.
Introducing a cut-off that exhibit the symmetry x 7→ 1/x, we define a regularized zeta-function
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ζ(s, λ) that can be written as
pi−
s
2 Γ
(
s
2
)
ζ(s, λ) =
∫ ∞
0
dx x
s
2
−1
∞∑
n=1
e−n
2 pi xe−λ
(
x+ 1
x
)
. (24)
Again, following Riemann’s procedure, one can show that
pi−
s
2 Γ
(
s
2
)
ζ(s, λ) =
1
2
∫ 1
0
dx e−λ(x+
1
x)x
1
2
(s−3) − 1
2
∫ 1
0
dx e−λ(x+
1
x)x
1
2
(s−2)
+
∫ ∞
1
dxψ(x)e−λ(x+
1
x)
(
x
1
2
(s−2) + x−
1
2
(s+1)
)
. (25)
Our aim is to find one generalization of a well known functional equation satisfied by the
Riemann zeta-function. Let us discuss this generalized functional equation. As the cut-off is
x 7→ 1/x-invariant, performing the substitution x 7→ 1/x in the first integral that appears in
equation (25), one finds
pi−
s
2 Γ
(
s
2
)
ζ(s, λ) =
1
2
∫ ∞
1
dx e−λ(x+
1
x)x−
1
2
(s+1) − 1
2
∫ 1
0
dx e−λ(x+
1
x)x
1
2
(s−2)
+
∫ ∞
1
dxψ(x)e−λ(x+
1
x)
(
x
1
2
(s−2) + x−
1
2
(s+1)
)
. (26)
We can use the same idea to compute pi−
(1−s)
2 Γ
(
1−s
2
)
ζ(1− s, λ). We obtain
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ) = 1
2
∫ ∞
1
dx e−λ(x+
1
x)x
1
2
(s−2) − 1
2
∫ 1
0
dx e−λ(x+
1
x)x−
1
2
(s+1)
+
∫ ∞
1
dxψ(x)e−λ(x+
1
x)
(
x−
1
2
(s+1) + x
1
2
(s−2)
)
. (27)
Taking the difference between equation (27) and (26), we get
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ) + 1
2
∫ ∞
0
dx e−λ(x+
1
x)x−
1
2
(s+1) =
pi−
s
2 Γ
(
s
2
)
ζ(s, λ) +
1
2
∫ ∞
0
dx e−λ(x+
1
x)x
1
2
(s−2). (28)
Using the following integral representation of the modified Bessel functions of second kind [38]
∫ ∞
0
dx xν−1e−
β
x
−γ x = 2
(
β
γ
) ν
2
Kν
(
2
√
βγ
)
(ℜ (β) > 0 ,ℜ (γ) > 0) (29)
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we can rewrite equation (28) as
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ) +K 1−s
2
(2λ) = pi−
s
2 Γ
(
s
2
)
ζ(s, λ) +K s
2
(2λ) . (30)
The above equation is the first main result of the paper. We obtained a possible generalization
of the original functional equation given by equation (8) which possesses the same symmetry
s → (1 − s) which is present in the functional equation constructed with the Riemann zeta-
function inside the critical strip. For λ > 0 the equation (30) is defined inside the critical strip.
It is not difficult to show that
pi−
s
2 Γ
(
s
2
)
ζ(s, λ) =
1
2
∫ 1
0
dx
(
x
1
2
(s−3) − x 12 (s−2)
)
e−λ(x+
1
x)
−
∫ 1
0
dxψ(x)
(
x
1
2
(s−2) + x−
1
2
(s+1)
)
e−λ(x+
1
x)
+ 2
∞∑
n=1
(
λ
λ+ n2pi
) s
4
K s
2
(
2
√
λ2 + λn2pi
)
+ 2
∞∑
n=1
(
λ
λ+ n2pi
) 1−s
4
K 1−s
2
(
2
√
λ2 + λn2pi
)
.
(31)
This representation is defined for the whole s-complex plane. We would like to point out that
these series involving Bessel function were discussed in reference [36]. Let us define the entire
function ξ(s, λ) by
ξ(z, λ) =
1
2
pis/2Γ
(
s
2
)
ζ(s, λ)s(s− 1). (32)
Therefore we have
ξ(s, λ) = s(s− 1)
∞∑
n=1
(
λ
λ+ n2pi
) s
4
K s
2
(
2
√
λ2 + λn2pi
)
. (33)
For small λ we can define ρ =
√
4piλ and write
lim
ρ→0+
ξ(s, ρ) = s(s− 1)
∞∑
n=1
(
ρ
2pi n
) s
2
K s
2
(
ρ n
)
. (34)
Let us define the function Ω(s, λ). We have
Ω(s, λ) =
1
2
s(s− 1)
(
pi−
s
2 Γ
(
s
2
)
ζ(s, λ) +K s
2
(2λ)
)
. (35)
Using the fact that
lim
x→0
Kν(x) ≈ 2
ν−1Γ(ν)
xν
, (36)
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we see that the above equation is singular in the absence of the cut-off. We also have a
generalized functional equation Ω(s, λ) = Ω(1− s, λ). In the next section we will discuss a new
functional equation with only one modified Bessel function of second kind.
5 Exponential xα-cut-off
The aim of this section is to discuss a new functional equation with only one Bessel function
after introducing a new cut-off. A modified zeta-function is introduced through a new parameter
α (α ∈ R \ {0}) in the exponential cut-off where λ ∈ R and λ > 0. For λ = 0, ℜ (s) = σ > 1.
We have
pi−
s
2Γ
(s
2
)
ζ(s, λ, α) =
∫ ∞
0
dx x
1
2
(s−2)
∞∑
n=1
e−n
2pixe−λ(x
α+ 1
xα ). (37)
Performing the same steps as before we get
pi−
s
2Γ
(s
2
)
ζ(s, λ, α) =
− 1
2
∫ 1
0
dx x
1
2
(s−2)e−λ(x
α+ 1
xα ) +
1
2
∫ ∞
1
dx x−
1
2
(s+1)e−λ(x
α+ 1
xα )+
+
∫ ∞
1
dx x−
1
2
(s+1)ψ (x) e−λ(x
α+ 1
xα ) +
∫ ∞
1
dx x
1
2
(s−2)ψ(x)e−λ(x
α+ 1
xα ) (38)
and
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ, α) =
= −1
2
∫ 1
0
dx x−
1
2
(s+1)e−λ(x
α+ 1
xα ) +
1
2
∫ ∞
1
dx x
1
2
(s−2)e−λ(x
α+ 1
xα )+
+
∫ ∞
1
dx x
1
2
(s−2)ψ (x) e−λ(x
α+ 1
xα ) +
∫ ∞
1
dx x−
1
2
(s+1)ψ(x)e−λ(x
α+ 1
xα ). (39)
The difference is
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ, α)− pi− s2Γ
(s
2
)
ζ(s, λ, α) =
− 1
2
∫ ∞
0
dx x−
1
2
(s+1)e−λ(x
α+ 1
xα ) +
1
2
∫ ∞
0
dx x
1
2
(s−2)e−λ(x
α+ 1
xα ). (40)
To proceed we use the following formula [37]:
∫ ∞
0
dx xν−1 exp
(−βxp − γx−p) = 2
p
(
γ
β
) ν
2p
K ν
p
(
2
√
βγ
)
(ℜ (β) > 0,ℜ (γ) > 0) . (41)
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Therefore, we obtain this result, valid for ℜ (λ) > 0:
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ, α)− pi− s2Γ
(s
2
)
ζ(s, λ, α) = − 1
α
K 1−s
2α
(2λ) +
1
α
K s
2α
(2λ) . (42)
The generalized functional equation is then gotten
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ, α) + 1
α
K 1−s
2α
(2λ) = pi−
s
2Γ
(s
2
)
ζ(s, λ, α) +
1
α
K s
2α
(2λ) . (43)
Notice that the symmetry s→ 1− s is preserved. Interestingly, since we have a new parameter
α, we can suitably choose this value to simplify equation (42). From the formula [38]:
Kν−1(z)−Kν+1(z) = 2ν
z
Kν(z), (44)
and using the property of modified Bessel of second kind: Kν(z) = K−ν(z), equation (40) can
be rewritten as
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ, α)− pi− s2Γ
(s
2
)
ζ(s, λ, α) =
1
α
(
−K 1−s
2α
(2λ) +K−s
2α
(2λ)
)
. (45)
For α = 1/4, the above equation can be recast as
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ, 1/4)− pi− s2Γ
(s
2
)
ζ(s, λ, 1/4) = 2
(−K2(1−s) (2λ) +K−2s (2λ)) .
(46)
Now we can use equation (44) to find the following identity:
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ, 1/4)− pi− s2Γ
(s
2
)
ζ(s, λ, 1/4) = 2
(
1− 2s
λ
)
K1−2s (2λ) . (47)
Therefore we present a new functional equation which involves only one modified Bessel function
of second kind. We demonstrated that is possible to modify one integral representation of
the zeta-function by introducing functions that obey the symmetry x 7→ 1/x and still obtain
functional equations with the symmetry s 7→ (1 − s). In the next section we discuss the
similarities between a regularized zeta-function with two parameters and diffusion processes.
6 Regularized zeta-functions and diffusion processes
The aim of this section is to discuss connections between regularized zeta-functions and diffusion
processes. The integral representation of the original regularized zeta-function is closely related
to integral representation of the Bessel functions. These functions also appears in diffusion
processes. Being more precise, the Laplace transform of the heat kernel for the Euclidean space
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Rd is written in terms of Bessel functions. Therefore it is not surprising that one modified
zeta-function and the Laplace transform of the heat kernel are closed connected. Let us define
the concentration of particles at the point x ∈ Rd at t by u(t,x). The particle concentration
at time t, when the initial condition was u0(x) is given by
∂
∂t
u(t,x) = ∆u(t,x), u(0+,x) = u0(x), (48)
where ∆ is the Laplacian in Rd and the diffusion constant is equal to one for simplicity. A
general solution is written as
u(t,x) =
∫
pt(x− y)u0(y) dy (49)
where
pt(x− y) = 1
(4pit)d/2
e−
|x−y|2
4t , (50)
is the probability of finding the particle at y and time t, if the particle was released from x at
t = 0. We introduce the operator Pt by:
Ptf(x) =
∫
pt(x− y)f(y) dy. (51)
For α ∈ C, the resolvent of Pt is given by
Uαf(x) =
∫
e−αtPtf(x) dt =
∫
e−αtpt(x− y)f(y) dt dy
=
∫
uα(x− y)f(y) dy (52)
where the uα(x− y) can be written as
uα(x− y) = 2
(2pi)
d−2
2
( √
2α
|x− y|
) d−2
2
K d−2
2
(
√
2α|x− y|), (53)
where the Bessel function of second kind has purely imaginary argument. Now, we can dis-
cuss some similarities between one regularized zeta-function and the mathematics of diffusion
processes. To ensure the connection between the one modified zeta-function and the above
expression we need to assume that λ ∈ C. Note that, in this case we are in the scenario of
two complex variables [39, 40]. We have ζ(s, λ), for λ, s ∈ C. It is convenient to express the
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modified zeta-function as
ζ(s, λ) =
2pi
s
2
(2λ)
s
2Γ(s/2)
∞∑
n=1

 2λ√
1 + n
2pi
λ


s
2
K s
2
(
2λ
√
1 +
n2pi
λ
)
. (54)
Comparing equation (53) and equation (54) one can notice a similarity between the Laplace
transform of the heat kernel for the Euclidean space Rd and the modified zeta-function ζ(s, λ).
To be more precise, we shall adopt an alternative approach to discuss the connection between
regularized zeta-functions and diffusion processes.
To establish a link between the Laplace transform of heat-kernels and regularized zeta-
functions, we may consider other modifications in an integral representation of the Riemann
zeta-function introducing arbitrary functions that exhibit the symmetry t 7→ 1/t. In the space
C
3 = C× C× C, the Cartesian product of three copies of the complex plane, it is possible to
define multivariable zeta-functions. We define the regularized zeta-function ζ(s, λ1, λ2) where
s, λ1, λ2 ∈ C where ℜ (λ1) > 0 and ℜ (λ2) > 0. For ℜ (λ1) = 0 and ℜ (λ2) = 0, ℜ (s) = σ > 1.
Using again the Θ(t) function defined in equation (5) we can write
pi−
s
2 Γ
(
s
2
)
ζ(s, λ1, λ2) =
1
2
∫ ∞
0
dt t
s
2
−1 (Θ(t)− 1)h(t;λ1, λ2) (55)
where a generalized cut-off h(t;λ1, λ2) is defined as
h(t;λ1, λ2) =
1
2
[
e−
(
λ1t+
λ2
t
)
+ e−
(
λ1
t
+λ2t
)]
. (56)
This generalized cut-off h(t;λ1, λ2) exhibits the symmetry t 7→ 1/t. Consequently the Riemann
functional equation can be generalized with the same symmetry s→ (1−s) in the critical strip.
We have
pi−
(1−s)
2 Γ
(
1− s
2
)
ζ(1− s, λ1, λ2) + 1
2
∫ ∞
0
dt h(t;λ1, λ2) t
− 1
2
(s+1) =
pi−
s
2 Γ
(
s
2
)
ζ(s, λ1, λ2) +
1
2
∫ ∞
0
dt h(t;λ1, λ2) t
1
2
(s−2). (57)
We would like to point out that the study of multivariable zeta-functions is not new in the
literature, see e.g. [41]. For Riemannian manifolds possessing enough symmetries, explicit
formulas for the heat kernel exist. In the next section we discuss the link between one regularized
zeta-function and the Laplace transform of these heat kernels.
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7 The Laplace transform of the heat kernel for Rd and
H
d and regularized zeta-functions
The aim of this section is to establish a connection between regularized zeta-function and the
Laplace transform for heat kernels in some manifolds. In an arbitrary connected Riemannian
manifold it is possible to define the heat kernel, which is a positive fundamental solution
to the diffusion equation. Explicit formulas for the heat kernel p(t,x,y) exist for manifolds
possessing enough symmetries. A Riemaniann manifold is called a Cartan-Hadamard manifold
if is geodesically complete single connected, non-compact with non-positive sectional curvature.
For instance, Rd and Hd, a d-dimensional hyperbolic space are Cartan-Hadamard manifolds.
Let us start discussing the Euclidean space Rd case. Starting from the heat kernel for the
Euclidean space Rd, pd(t,x,y) we define the Laplace transform of the heat kernel for α ∈ C, as
pd(α,x,y). We can write
L(pd(t,x,y)) = pd(α,x,y) =
∫ ∞
0
dt
(4pit)d/2
e−
(
α t+
|x−y|2
4t
)
. (58)
Using the generalized cut-off h(t;λ1, λ2) defined in equation (56), the regularized zeta-function
ζ(s, λ1, λ2) can be written as
pi−
s
2 Γ
(s
2
)
ζ(s, λ1, λ2) =− 1
4
∫ ∞
0
dt t
s
2
−1e−(λ1t+
λ2
t ) − 1
4
∫ ∞
0
dt t
s
2
−1e−(λ2t+
λ1
t )
+
1
4
∫ ∞
0
dt t
s
2
−1Θ(t)e−(λ1t+
λ2
t ) +
1
4
∫ ∞
0
dt t
s
2
−1Θ(t)e−(λ2t+
λ1
t ). (59)
Using equation (29), the last two integrals can be written as a modified Bessel functions of
second kind. We find
pi−
s
2Γ
(s
2
)
ζ(s, λ1, λ2) = −1
4
∫ ∞
0
dt t
s
2
−1e−(λ1t+
λ2
t ) − 1
4
∫ ∞
0
dt t
s
2
−1e−(λ2t+
λ1
t )
+
1
2
∑
n∈Z
(
λ2
λ1 + n2pi
) s
4
K s
2
(
2
√
λ2(λ1 + n2pi)
)
+
1
2
∑
n∈Z
(
λ1
λ2 + n2pi
) s
4
K s
2
(
2
√
λ1(λ2 + n2pi)
)
. (60)
It is quite difficult to identify diffusion processes for all contributions in the the above represen-
tation for the regularized zeta-function. In this representation of ζ(s, λ1, λ2) the first integral
represents the usual diffusion, i.e., the Laplace transform for the heat kernel for the Euclidean
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space Rd when we make the following identifications
λ1 = α, λ2 =
|x− y|2
4
, s = 2− d, (61)
for α, d ∈ C. This procedure is quite similar to the dimensional regularization, where to
regularize divergent integrals in field theory one assume a complex number of dimension [42, 43,
44, 45]. To proceed let us show that the regularized zeta-function describes diffusion processes.
Using the above identifications, the transformation t 7→ 1/t and properties for the Θ(t) we can
write
pi
d
2
−1 Γ
(
1− d
2
)
ζ
(
2− d, α, |x− y|
2
4
)
= −1
4
∫ ∞
0
dt
t
d
2
e
−
(
αt+
|x−y|2
4t
)
− 1
4
∫ ∞
0
dt
t(2−
d
2
)
e
−
(
αt+
|x−y|2
4t
)
+
1
4
∫ ∞
0
dt
t
1
2
(1+d)
∑
n∈Z
e
−
(
αt+
|x−y|2+4pin2
4t
)
+
1
4
∫ ∞
0
dt
t(2−
d
2
)
∑
n∈Z
e
−
(
αt+
|x−y|2+4pin2
4t
)
.
(62)
The above equation is the second main result of the paper. We have shown that if we define
a regularized zeta-function ζ
(
2 − d, α, |x−y|2
4
)
that satisfies a generalized functional equation,
one can show that this regularized zeta-function is connected with the Laplace transform of the
heat kernels for the Euclidean space Rd. Let us study the above equation in arbitrary spatial
dimensions. For the case ℜ (d) = 1 and ℑ (d) = 0, the first term in the right hand side of the
above equation describes one-dimensional diffusion. The second term in the right hand side
of the above equation describes a diffusion in the usual three-dimensional space. The other
two terms describes effective diffusion in d = 2 and d = 3. Note that for each term of the
series we have also that the square of the distance between two points is modified by 4pin2. For
the case ℜ (d) = 2 and ℑ (d) = 0, three terms describe diffusion in d = 2 and one describes
diffusion in d = 3. Finally, for the case, ℜ (d) = 3 and ℑ (d) = 0, the first term in the right
hand side describes three-dimensional diffusion and the second term describes a diffusion in an
effective one-dimensional space. The other terms describe an effective diffusion in d = 4 and
d = 2. Also we have also that for these terms the square of the distance between two points is
modified by 4pin2, for each term of the series. The regularized zeta-function ζ
(
2− d, α, |x−y|2
4
)
is expanded in terms of Laplace transform of heat kernels, therefore describing diffusion in
different dimensions. We can write
pi
d
2
−1 Γ
(
1− d
2
)
ζ
(
2− d, α, |x− y|
2
4
)
= −1
4
∫ ∞
0
dt
(
1
t
d
2
+
1
t(2−
d
2
)
)
e
−
(
αt+ |x−y|
2
4t
)
+
1
4
∑
n∈Z
∫ ∞
0
dt
(
1
t
1
2
(1+d)
+
1
t(2−
d
2
)
)
e
−
(
αt+ |x−y|
2+4pin2
4t
)
. (63)
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It is interesting that in the complex plane for −1 ≤ ℜ (s) ≤ 1 we have 3 ≥ ℜ (d) ≥ 1, There are
some works discussing in field theory a negative dimensional-space [46, 47]. Since the regularized
zeta-function is defined in all complex-s plane one can go one step forward discussing the region
ℜ (s) > 2 and its connection with diffusion in a negative dimensional-space.
The same discussion can be made for hyperbolic spaces, since in hyperbolic spaces there
are exact formulas for the heat kernel. For odd-dimensional space where the geodesic distance
between two points is ρ, i.e., ρ = dist(x,y) we get [48]
pd(t, ρ) =
(−1) d−12
(2pi)
d−1
2
1
(4pi t)
1
2
(
1
sinh ρ
∂
∂ ρ
) d−1
2
e−(
d−1
2
)2t− ρ2
4t . (64)
In particular for d = 3 we have
p3(t, ρ) =
1
(4pi t)
3
2
(
ρ
sinh ρ
)
e−t−
ρ2
4t . (65)
For even dimensional space there is also a closed expression. A general expression for the heat
kernel on the hyperbolic space HdK with constant negative curvature −K2 can be found in [49].
Let us define the Laplace transform for the heat kernel in hyperbolic space L(pd(t, ρ)). We get
L(pd(t, ρ)) = pd(α, ρ) =
∫ ∞
0
dt e−α t pd(t, ρ). (66)
Since in the hyperbolic space we get the contribution ρ
sinh ρ
the connection between one regu-
larized zeta-function and the Laplace transform for the heat kernel in hyperbolic space is not
so clear as in the Euclidean space case. We can write equation (66) as
1
(4pi)−
3
2
sinh ρ
ρ
pd(α, ρ) =
∫ ∞
0
dt t−
3
2 e−(1+α)t−
ρ2
4t . (67)
To identify the first term of the modified zeta function (60) with a diffusion process in a
Cartan-Hadamard space, in d = 3, we must have
λ1 = 1 + α, λ2 =
ρ2
4
, s = −1. (68)
Therefore defining modified zeta-functions that lead to generalizations of the Riemann func-
tional equation with the same symmetry s → (1 − s) in the critical strip, we obtained that
in the modified zeta-function ζ(s, λ1, λ2) appears contributions that we identify as the Laplace
transform for the heat kernels in Euclidean and hyperbolic space.
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8 Conclusions and perspectives
The modular symmetry is fundamental in order to obtain the analytic extension of the
Riemann zeta-function and a functional equation. The main idea of this work is to discuss
the consequences of introducing modifications in an integral representation of the Riemann
zeta-function using arbitrary functions that exhibit the symmetry x 7→ 1/x. In this paper
we modified the zeta-function in order to obtain different generalized functions. The first one
satisfies a generalized Riemann functional equation. When we define a modified zeta-function
ζh(s, λ), for λ ∈ R and λ > 0, constructed with an arbitrary continuous function h(x;λ) such
that h( 1
x
;λ) = h(x;λ), and limλ→ 0 h(x;λ) = 1, it is possible to find a generalized functional
equation. Therefore the existence of a modified functional equation with the symmetry s 7→
(1 − s) is related to the existence of the symmetry x 7→ 1/x of arbitrary function introduced
to modified the zeta-function. The second one satisfies a functional equation which involves
two Bessel functions of second kind. In the study of the non-trivial zeros of the regularized
zeta-function we define the function Ω(s, λ) which play the same role as the ξ(s) function in
the Riemann scenario with the functional equation ξ(s) = ξ(1− s). We also have a generalized
functional equation Ω(s, λ) = Ω(1−s, λ). The third one, defines a functional equation with only
one Bessel function of second kind. Also, for the case where λ ∈ C, we present a connection
between a regularized zeta-function and the Laplace transform of the kernel of the diffusion
equation in a generic d-dimensional Euclidean space.
A natural continuation of this work is to discuss other modifications in an integral represen-
tation of the Riemann zeta-function introducing arbitrary functions that exhibit the symmetry
x 7→ 1/x. This can be done introducing the regularized zeta-function ζ(s, λ1, λ2, ν) for ν ∈ R
where λ1, λ2 ∈ C, where a generalized cut-off h(t;λ1, λ2, ν) is defined as
h(t;λ1, λ2) =
1
2
[
e−
(
λ1tν+
λ2
tν
)
+ e−
(
λ2tν+
λ1
tν
)]
. (69)
For arbitrary functions that exhibit the symmetry x 7→ 1/x, the Riemann functional equation
can be generalized with the same symmetry s→ (1−s). In an arbitrary connected Riemannian
manifold it is possible to define the heat kernel, which is a positive fundamental solution to
the diffusion equation. Although explicit formulas for the heat kernel exist for a few number
of manifolds, in hyperbolic spaces there are exact formulas for the heat kernel. The connection
between the Laplace transform of the heat kernel on the hyperbolic space HdK with constant
negative curvature −K2 [49] and a regularized zeta-function ζ(s, λ1, λ2, ν) deserves further
investigations.
It should be noted that for the case with a modified zeta-function with exponential cut-off
ζ(s, λ) where λ ∈ R and λ > 0 we assume that for λ = 0 we must have ℜ (s) = σ > 1. The crux
17
of the matter is to discuss the limit ℜ (λ)→ 0, for ℜ (s) = σ ≤ 1, where the polar structure of
I1(s, λ) and I2(s, λ) defined in equation (25), given respectively by
I1(s, λ) =
1
2
∫ 1
0
dx e−λ(x+
1
x)x
1
2
(s−3) (70)
and
I2(s, λ) = −1
2
∫ 1
0
dx e−λ(x+
1
x)x
1
2
(s−2) (71)
must be discussed. Next possibility is to discuss the same problem for multivariable zeta-
functions. In the case of the regularized zeta-function ζ(s, λ1, λ2) where s, λ1, λ2 ∈ C and
ℜ (λ1) > 0 and ℜ (λ2) > 0. For ℜ (λ1) = 0 and ℜ (λ2) = 0, we assume that ℜ (s) = σ > 1. The
limit ℜ (λ1)→ 0 and/or ℜ (λ2)→ 0, for ℜ (s) = σ ≤ 1, must be further investigated.
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